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U s i n g  n u m e r i c a l  c a l c u l a t i o n s ,  a s tudy is made  of the r e l a t i o n  be tw e e n  the m e a n  t e m p e r a t u r e  
of a s u r f a c e  and the hea t  f lux,  in coo l ing  a so l id  wi th  a s t r e a m  of  l iqu id .  

The p r e s e n t  p a p e r  d e s c r i b e s  r e s u l t s  of a n u m e r i c a l  i n v e s t i g a t i o n  on the M i n s k - 2  c o m p u t e r  of the 
p r o b l e m  c o n s i d e r e d  in  [1]. A n u m b e r  of v a r i a n t s  have  b e e n s o l v e d  wi th  d i f f e r e n t  v a l u e s  of /3 ,  K1, K 2 and 
- ~ l y = R / d  = 0 for  the c a s e  R = d,  h s = d / 1 0  [2]. C a l c u l a t i o n  of the a s y m p t o t e  aL the po in t  (0, 0) was  a c c o m -  
p l i s h e d  by r e p l a c i n g  a f i v e - p o i n t  s c h e m e  by v a r i a b l e  c o e f f i c i e n t s  A i ,  j and Bi ,  j a t  the  p o i n t s  shown in T a b l e  2 
[2], a p a r t  f r o m  the po in t  (0, 0), w h e r e  the s c h e m e  a s s u m e s  a r e l a t i o n  be tween  the p o i n t s  (0, 0) and  (0, 1). 

In a c c o r d a n c e  with  the t echn ique  of [3], the u p p e r  b o u n d a r y  wi th  r e s p e c t  to ~-was chosen  to be 2.6,  and 
the bounda ry  cond i t ion  was  t aken  a s  

( Ou - - a u ~ ]  = 0  ( a : = 2 , 8 3 1 )  (1) 

and h~- = 0.2. In c h o o s i n g  the b o u n d a r y  in the l iqu id ,  which  is  the bounda ry  cond i t ion  fo r  l a r g e  ~, we m u s t  
t ake  c a r e  tha t  the m e s h  s c h e m e  does  not b e c o m e  u n s t a b l e  b e c a u s e  of the s y m m e t r i c  a p p r o x i m a t i o n  to the 
t e r m  (1/3)~2(aT(f) /3~ -) in the h e a t - t r a n s f e r  equa t ion .  The l a r g e  va lue  of d i m e n s i o n l e s s  p i t c h  h~-in c o m -  
p a r i s o n  with  h~ i s  due to the s m o o t h e r  b e h a v i o r  of u = T(f) wi th  r e s p e c t  to ~- in the r e g i o n  c o r r e s p o n d i n g  to 
the l iqu id .  

The me thod  of c a l c u l a t i o n  i nvo lves  i n t r o d u c t i o n  of s u c c e s s i v e  c o r r e c t i o n s ,  which  a r e  found by the 
f r a c t i o n a l  p i t c h  m e t h o d  [4, 5]. 

The o r i g i n a l  s y s t e m  of  equa t ions  can  be w r i t t e n  as  

Lu -~ f (2) 

the s y m m e t r i c  p a r t  of the o p e r a t o r  L be ing  p o s i t i v e  d e f i n i t e .  The s t r u c t u r e  of  the o p e r a t o r  L ,  ac t ing  in 
v e c t o r  s p a c e ,  and wi th  i t s  c o m p o n e n t s  n u m b e r e d  by the two s u b s c r i p t s ,  is  d e t e r m i n e d  in a c c o r d a n c e  wi th  
[2]. F o r  a p p l i c a t i o n  of the  f r a c t i o n a l  p i t c h  me thod  the o p e r a t o r  L is  r e p r e s e n t e d  in the  f o r m  

L = L1 "k L2, 

w h e r e  L 1 is  the o p e r a t o r  g iven  by the f o r m u l a s :  

{L ,ur  (u l : ) )~ ,  ] = 0 ,  i =  I, 2 ..... 10 

and ] = 1, 2 . . . . .  10, i = 0, 1 . . . . .  10; (3) 

{Lluq)}~,i=0, ] = 0 ,  i = O  

and ] ~ - - 1 , - - 2 , - - 3  . . . . .  - -13 ,  i = 0 ,  l . . . .  , 10; 

w i t h i  = 0 a n d i = 1 0  
u(S) U! ~-,,j i+,.i 

and L 2 
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-~u !')- i = 0 ,  1, 10, ]----I0, 9, 1; u2,-~ + ,.  , . , ,  . . . ,  . . . ,  

re" 1, =1/3 

B,,I  [ K~h< :zl3~Dl ( I ~'Y '~ ' I '  / . < ,  ) 
{ L ~ u ( s > } ' d = - ~ _ _  , '  i u ~ ! ] - , - -  2 K~h~qi-i/3s -t" 2K~D i ) ui,s 

( c ' ) ' ( "  ] 
- -  ~ v u i . S ,  i =  1, 2, 10, j = 0 ;  + 1 .... 

J 

1 1 1 = u (~) u (s)" (4) 
{Lzu@)}o,o 0,932478h~3 0,297575h~_j~ h~_/3 o,, h2/2 o,o, 

1 +  + ~ 
/(2 /<~ 

{ L 2 u q ) J i . s = ( u ( . t ) ] _ 2 - - "  ~ (u( . f ) )_ ,  i = 0 ,  ] = ~ l , - - 2  . . . . .  - -13 ;  

= y "~213 ( D  

<,,+ + -4a, 
- , - -  _ _  ~ z ~ _  1 , 7 ,  h~- q -  e,i , - l )  ~i 3 " 

i = l ,  2 . . . . .  10, ] = - - I ,  - - 2  . . . . .  - -13 ,  

(f) }f))2 
w h e r e ,  fo r  j = - 1 3 ,  we m u s t  inc lude  in the f o r m u l a s  u i , j _ l ,  us ing  Eq .  (1) in the  f o r m  (u ~j lj =-13  = c~f 

(f) (s) 
"u i , j l j  =-13 ,  and fo r  j = 10 ui ,  j +1, u s ing  the b o u n d a r y  cond i t ion  a t  the l o w e r  b o u n d a r y  of the body [1], 

(u~S))2~i] j =10 = q i d / X s ,  by r e l a t i n g t h e  t e r m - 2 q i d / k s h s  in {L2u(S)}i,10 to f in Eq .  (2), wh ich  g i v e s  fi,10 = 

av was  d e t e r m i n e d  in  [2]. - 2 q i d / X s h  s .  The quan t i t y  ~i 

It i s  c l e a r  that  the p r o b l e m  of c a l c u l a t i n g  (E - ~-Li)-lf  wi th  a d i a g o n a l  in the c h o s e n  r e p r e s e n t a t i o n  
of the  v e c t o r s  by the p o s i t i v e  o p e r a t o r  ~- can  be s o l v e d  e f f e c t i v e l y  by d i r e c t  m e t h o d s  (for L z i t  i s  d e c o m -  
p o s e d  into a n u m b e r  of p r o b l e m s  wi th  t r i d i a g o n a l  m a t r i c e s ,  and fo r  L 1 i t  r e d u c e s  to the  s o l u t i o n ,  u s ing  an  
i m p l i c i t  s c h e m e ,  of a d e g e n e r a t e  p a r a b o l i c  equa t ion ,  w h e r e  x p l a y s  the r o l e  of the  t i m e  c o o r d i n a t e ) .  

I n s t e a d  of the  p r o b l e m  of (2) we s h a l l  s o l v e  the  e q u i v a l e n t  p r o b l e m  of 

I t  u z "~ Lu = -~ f = g. (2a) 

The cho i ce  of the  o p e r a t o r  T m u s t  f u r t h e r  s a t i s f y  the r e q u i r e m e n t s  of r a p i d  c o n v e r g e n c e  of the me thod  fo r  
s p e c i f i c  v a l u e s  of the p a r a m e t e r s ,  and s i m p l e  c o n v e r g e n c e  fo r  a s  wide  a r a n g e  a s  p o s s i b l e  of v a l u e s  of the 
p a r a m e t e r s .  A n  i n v e s t i g a t i o n  and a j u s t i f i c a t i o n  of ana logous  t r a n s f o r m a t i o n s  of the o r i g i n a l  equa t i ons  
w a s  m a d e  in [6] by L e b e d e v  in the c a s e  of k i n e t i c  e q u a t i o n s ,  and a l s o  in [7]. A t  l e a s t  we shou ld  r e q u i r e  tha t  
t h e r e  should  be no o b s t a c l e s  to a p p l i c a t i o n  of i n t e r n a l  p i t c h  s t e p s  of the  s c h e m e .  A t  the s a m e  t i m e  the c a l -  
c u l a t i o n  p u r s u e d  the o b j e c t i v e  of i n v e s t i g a t i n g  the a p p l i c a t i o n  of the s c h e m e  in the n o n c o m m u t a t i v e  c a s e  of 
the  s c h e m e  [8]. 

The s c h e m e  c o n s i s t s  of s e e k i n g  c o r r e c t i o n s  to s o m e  a p p r o x i m a t i o n  u l 

Ut+l ~ U t -~- 6 tt l, 

"~ fl = H ut_~ - -  g (II~ = "~ Lz, i = 1, 2), 

v.~ = (E - -  II~) -t (u.~_l + "#3, (5) 

u~,~ = (E - -  II~) -1 v.~, 

Ul, 0 ~ O, ~ U t ~ Ul,hl �9 

F o r  a s p e c i f i c  n u m e r i c a l  p r o c e s s  h e r e  we m u s t  a s s i g n  s e t s  {k/} and 7 l ,k  (1 --< k -< k / ) .  

In c h o o s i n g  "r we shou ld  t ake  accoun t  of the  fo l lowing  c o n s i d e r a t i o n s ,  b a s e d  p a r t i a l l y  on i n v e s t i g a t i o n  
of  c a s e s  c l o s e  to c o m m u t a t i v e .  S m a l l  v a l u e s  of T l , k ,  of the  o r d e r  of  the  r e c i p r o c a l  of the m a i n  e i g e n v a l u e  
of the o p e r a t o r  II, t ake  a good accoun t  of e r r o r  c o m p o n e n t s  c o r r e s p o n d i n g  to l a r g e  e i g e n v a l u e s ,  even  in the 
c a s e  when they  a r e  u s e d  once .  L a r g e r  v a l u e s  of  T l ,k  t ake  b e t t e r  accoun t  of e r r o r  c o m p o n e n t s  c o r r e s p o n d i n g  
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to s m a l l e r  e i g e n v a l u e s  of  the o p e r a t o r  II,  bu t ,  b e s i d e s  the p o o r  c a l c u l a t i o n  of c o m p o n e n t s  wi th  l a r g e  e i g e n -  
v a l u e s ,  a n  a d d i t i o n a l ,  s u b s t a n t i a l  e r r o r  a p p e a r s  in t h e s e  c o m p o n e n t s  in the  n o n e o m m u t a t i v e  c a s e .  To avo id  
th i s  ~-l,k was  c h o s e n  to d i m i n i s h w i t h  k ,  rough ly  in g e o m e t r i c  p r o g r e s s i o n ,  and the s m a l l e s t  of t h e s e ,  fo r  f ixed  
L ,  w e r e  of the o r d e r  of the i n v e r s e  of the s p e c t r a l  l i m i t s  of the o p e r a t o r  II .  The  d i agona l  o p e r a t o r  T = {~-i,j} 
was  c h o s e n  f r o m  the fo l lowing c o n s i d e r a t i o n s .  F i r s t ,  in p e r f o r m i n g  an  o p e r a t i o n  wi th  r e s p e c t  to j ,  t r a n s i -  
t ion to an u n s t a b l e  cond i t ion  m u s t  not  o c c u r ,  i . e . ,  such  tha t  in the o p e r a t o r  W = (E - ~-L2), the m a t r i x  e l e -  
m e n t s  Wi ,  j ;i,j >~ tWi, j  ;i,j + 1] + IWi, j  ;i ,j-1] , w h i c h , o f  c o u r s e ,  i m p o s e s  a r e s t r i c t i o n  only when fl-> 0. F o r  j 
> 0 ( ins ide  the body) wi th  ~-i ,j we ob ta in  a quan t i ty  of o r d e r  1/-fl, and fo r  j = 0 the e s t i m a t e  t a k e s  the f o r m  

- - " .  ~ 1 / 3  

2K~D~ 
s 

In the  l iqu id  (j < 0) the  o r i g i n a l  p r o b l e m  is  p a r a b o l i c ,  so  tha t  h e r e  t h e r e  a r e  no u p w a r d  r e s t r i c t i o n s  on 
~'i,j and we can  even  take T i , j  = + ~ 0" ~ 1 04 was  t aken  in the c a l c u l a t i o n s )  s i n c e ,  in c a s e s  when the c o r r e -  
spond ing  p r o b l e m  of t r a n s f o r m i n g  (E - TL2) e n c o u n t e r s  a s i n g u l a r i t y ,  the  r e s u l t s  of the c a l c u l a t i o n  a r e  
i n a p p l i c a b l e  b e c a u s e  the a p p r o x i m a t i o n  m e s h  b e c o m e s  u n s u i t a b l e .  On the o t h e r  hand,  we m u s t  not choose  
~i,j a p p r e c i a b l y  l a r g e r  than  uni ty  when j > 0, s i n c e  then  the cond i t ions  i m p o s e d  in t r a n s f o r m i n g  (E - TL1) 
d e t e r i o r a t e  s e v e r e l y .  S ince  we shou ld  f i r s t  w o r k  on the c o n v e r g e n c e  of the m e t h o d ,  we m u s t  choose  a 
s m a l l e r  va lue  of the c o r r e s p o n d i n g  e s t i m a t e s .  In a d d i t i o n , n e a r  (i = 0, j = 0), b e c a u s e  of the  r a p i d  change  
in the coe f f i c i en t s  of  the m e s h  equa t ion ,  s m a l l e r  v a l u e s  of ~'i,j w e r e  c hose n ,  and ,  in f ac t ,  a f a c t o r  of  the type  
2-3+ ( i+ j )  was  added  to Ti, j for  i >->- 0, j -> 0 to b r i n g  i t  up to 1 (at the po in t  i = 0, j = 0 no c o r r e c t i o n  was  
a p p l i e d ) .  S ince  the c a l c u l a t i o n  u s e d  only the c o m p u t a t i o n a l  p r o c e s s  d e s c r i b e d  above ,  s u i t a b l e  fo r  n o n n e g a -  
t i r e  s y m m e t r i c  p a r t s  of the o p e r a t o r s  L 1 and L2, the only r e s t r i c t i o n  is  on fl, f o r  which  the r e s t r i c t i o n  was  
a p p l i e d .  

F o r  a p r e l i m i n a r y  e s t i m a t e  of t h i s  c h a r a c t e r i s t i c  v a l u e  of fi  the  fo l lowing  m o d e l  p r o b l e m  ins ide  the  
body was  u s e d :  

02T(') k-r T(') = O, 0 <-g  < 1:? 
~ d '  

0g 3,715K~ ' 

0T (s) a d T(s) / 

Oil Y=- ~'R = - - - ~ , ~  [~=_~n d , 

The coefficient in the boundary condition y- = 0 was determined using the solution of the corresponding model 
in the liquid [i], with a constant temperature boundary. The value of the characteristic fi, denoted below 
by fl, was estimated by the moment method, in the case when the liquid heat capacity was neglected, to be: 

3 

1 + 3.715Ke (alY=~d =0) .  (7) 

All the estimates in Eq. (6) were taken with fl replaced by ~. The set kit l,k was chosen from the considera- 
tions described earlier and according to the following rule as the result of the fractional calculations. All 

the k I = 5. 

~z,k : ~z~ ,  (8) 

w h e r e  the s e q u e n c e  "r l is  p e r i o d i c  wi th  p e r i o d  (1; 0.6; 0.3), q'k i s  the s e t  (1; 0.6; 0.3; 0.1; 0.03). The  v a l u e  
of ~ was  c h o s e n  e m p i r i c a l l y .  It was  found m o s t  f a v o r a b l e  to t ake  ~ = 2. In c a s e s  c l o s e  to c r i t i c a l  i t  was  
n e c e s s a r y  to r e d u c e  ~. As  an in i t i a l  a p p r o x i m a t i o n  e v e r y w h e r e  the  z e r o  v e c t o r  w a s  u s e d ,  a l though we shou ld  
have  u sed  s o l u t i o n s  f o r  a d j a c e n t  v a l u e s  of the p a r a m e t e r s .  In Eq.  (2) {f}i , j  = 0, a p a r t  f r o m  {f}i,10 = - 2 q i d  
/ X s h  ~ , a t  the l o w e r  b o u n d a r y  of the body R / d .  

In o r d e r  to u se  the r e s u l t s  we need  to know the a v e r a g e  t e m p e r a t u r e  of the s u r f a c e  and the f lux th rough  
i t ,  i . e . ,  

d d 

1 ~ rOT(f)- dx=  1 ~ dx = q. 
Y oy -E oy 

0 0 
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TABLE 1. Values of Mean Boundary Tempera ture ,  Dimensionless 
Heat Flux, and Hea t -Trans fe r  Coefficient 

K: ' Pc ~ 

5 5 

I 

0,5 

0,5 

0,5 

0,5 

0,05 

--0,153 
--0,0765 

0 
+0,03825 
+0,0765 
--0,153 
--0,0765 

0 
+0,03825 
+0,0765 
--0,765 
--0,153 
--0,0765 

0 
+0,03825 
+0,0765 
--0,636 
--0,318 
--0,159 

0 
+0,159 
--0,636 
--0,318 

0 
+0,159 
+0,318 
+0,4452 
--0,636 
--0,318 

0 
+0,159 
+o,318 
--6,36 
--3,18 
--0,636 
--0,318 

0 
+0,159 
+0,318 
--0,525 
--0,2625 

0 
+0,2625 
--1,05 
--0,525 

0 
+0,2625 
+0,525 
--1,05 
--0,525 

0 
+0,2625 
+0,525 
--16,8. 
--10,5 
--5,25 
--I  ,05 

0 
+0,525 
--10,5 
--5,25 
--1,05 
--0,525 

0 
+0,2625 
+0,525 

2,5390 
3,6134 
6,1969 
9,5921 

21,0870 
2,9159 
3,9847 
6,1969 
8,5135 

13,4889 
0,8874 
2,9755 
4,0387 
6,1969 
8,3978 

12,9314 
0,3180 
0,5133 
0,7260 
t,2226 
3,8085 
0,4712 
0,6980 
1,2226 
1,8590 
3,6237 

12,6327 
0,5099 
0,7359 
1,2226 
1,7559 
2,9808 
0,0492 
0,1323 
0,559O 
0,7797 
1,2226 
1,6651 
2,5449 
0,2047 
0,3089 
0,6042 
8,9808 
0,1975 
0,3126 
0,6042 
1,0000 
2,3734 
0,2234 
0,3398 
0,6042 
0,9105 
1,6745 
0,0054 
0,0151 
0,0494 
0,2567 
0,6042 
1,3378 
0,0164 
0,0521 
0,2613 
0,3741 
0,6042 
0,8375 
1,3093 

0,5706 
0,7037 
1,0047 
1,3876 
2,6635 
0,5118 
0,6729 
1,0047 
1,3512 
2,0942 
0,1727 
0,5025 
0,6685 
1,0047 
1,3472 
2,0524 
0,5963 
0,7263 
0,8278 
1,0044 
1,6814 
0,5089 
0,6666 
1,0044 
1,3965 
2,4582 
7,8091 
0,4868 
0,6543 
1,0044 
1,3814 
2,2398 
0,0401 
0,1082 
0,4589 
0,6402 
1,0044 
1,3682 
2,0916 
0,7070 
0,8193 
1,0034 
3,4257 
0,4880 
0,6520 
1,0034 
1,4317 
2,8256 
0,4657 
0,6381 
1,0034 
1,4095 
2,3988 
0,0125 
0,0314 
0,0925 
0,4372 
1,0034 
2,1936 
0,0270 
0,0861 
0,4332 
0,6208 
1,0034 
1,3914 
2,1762 

0,5583 
0,6934 
1 
1,3908 
2,6951 

0,1642 
0,4947 
0,6616 
1 
1,3446 
2,0548 
0,5809 
0,7118 
0,8158 
I 
1,7250 
0,5000 
0,6586 
1 
1,3974 
2,4755 
7,9130 
0,4795 
0,6477 
1 
1,3801 
2,2462 

0,6929 
0,8071 
1 
3,7353 

0,0251 
0,0832 
0,4295 
0,6170 
1 
1,3887 
2,1753 

0,2248 
0,1948 
0,1621 
0,1447 
0,1263 
0,1755 
0,1689 
0,1621 
0,1587 
0,1553 
0,1947 
0,1689 
0,1655 
0,1621 
0,1604 
0,1587 
1,8754 
1,4150 
1,1403 
9,8215 
0,4415 
1,0802 
0,9550 
0,8215 
0,7512 
0,6784 
0,6182 
0,9548 
0,8892 
0,8215 
0,7868 
0,7514 
0,8t59 
0,8183 
0,8208 
0,8211 
0,8215 
0,8217 
0,8219 
3,4539 
2,6524 
1,6607 
0,3815 
2,4712 
2,0855 
1,6607 
1,4317 
1,1905 
2,0847 
1,8779 
1,6607 
1,5480 
1,4325 
2,3093 
2,0748 
1,8706 
1,7029 
1,6607 
1,6396 
1,6433 
1,6505 
1,6583 
1,6595 
1,6607 
1,6614 
1,6620 

Since these quantities (the normal derivative DT/Dy and the function T itself do not depend smoothly on x, 
to increase the accuracy we must use quadratic formulas, accurate asymptotically for these quantities. 

With the same degree of accuracy as the mesh equations approximate the differential equations, it is suf- 
ficient to use the quadratic formulas of trapezoid type. To find the average temperature we must formulate 
the integral sums 
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TABLE 2. Values of Coeff ic ients  and Roots  of the P o l y n o m i a l s  P l  

and P2 and Res idues  in the Repre sen t a t i on  1/oz(fl) = ~ . ( A  i / ( f l  - f l i ) )  
i 

. {~-} i 

--0,636 0 +I  
--0,318 1 --0,9733 

0 2 +0,2259 
+0,159 3 --0,0076 
+0,318 
-{-{-0,4452 
--0,318 0 +1 

0 1 --0,1667 
+0,159 2 --0,3027 
+0,318 
+0,4452 

o o +1 
§ 1 --0,65254 
+0,318 2 40,007797 
+0,4452 
+0,159 0 +1 
+0,318 1 --0,639029 
+0,4452 
+0,318 0 +1 
&0,4452 1 --0,5709971 

--0,525 0 I+1 
--~,2625 1 I--3,1127689 
+0,2625 2 +0,1922853 

--~,2625 ~0+1 
/"{'0, 2625 1 I--3,0453373 

-~+~,2625 ~ +---~,9345148 

-o,153 Io ,{,1 
--0,0765 ~ 1 --6,8663 

0 2 ,{,11,5991 
+0,0382~ 
+0,0765 
--0,0765 0 +1 

0 1 --3,7210 
-{-0,03825 2 ,{,1,0067 
+0,0765 

0 0 + l  
-{-0,03825 1 --3,378876 
+0,765 
+0,03825 0 41 
+0,0765 1 --2,942717 

--0,07651 0 +1 
0 I 1 --12,945 

+0,038251 2 -{-3,465 
-{-0,0765 

o o ,{,1 ' 

-{-0,0382511 --0,3873 
-{-0,0765 
+o,03825f o + i  
40,0705 1 --0,275940 

K~=I; Ks=l 

+1,2173 
--0,5411 +1,567 
-{-0,05886 +3,384 

+24,88 

+1,2173 
-{-0,4408 +1,563 
--0,06534 --2,114 

+1,2173 
--0,15065 +1,5816 

,{,82,129 

+1,217327 
i--0,134472 ,{,1,5649 

+1,2064561 
+1,7513 

Kl=5; K2=0,5 

-{-0,6021493 
--0,3349830 -{-0,32790 

,{,15,860 

-{-0,6021493 
--0,2905297 +0,32837 

.+-0,6021493 
+0,34077 

K~=5; K2=5 

,{,6,1682 ! 
--25,3879 i+0,2787 
-]-11,9250 -{-0,3333 

+6,1682 
--5,9898 ,{,0,2918 

-[-3,4043 

+6,168179 
--3,891010 -{-0,295956 

+6,134674 
-{-0,339822 

K~=0,5; K~=5 

+6,168 
--78,163 -{-0,07892 

-{-3,557 

+6,1682 
--0,7091 -{-2,5820 

+6,167606 
-{-3,023982 

X N~tt(s)kz.l 
�9 i , O  

i=o 

-{-3,927 
-{-5,267 

--2,105 
+8,851 

-{-{-8,0802 

-{-9,0527 

,{,1,7976 

-{-2,0726 

b0,2797 
&1,8493 

-1,0298 

+ I, 58523~ 

-{-0,078914 

+8,6987 

Ai A s 

--1,601 
+0,2037 
--6,374 

--1,570 ,{,0,2159 
--0,0057 

--1,5633 
--17,759 

+0,21043 
--1,5757 

--2,1129 

--0,164841 
--1.5773 I 

__0,166401 +0'09540 

--0,20520] 

41,0281 
--0,46103 
--1,1192 

--1,4107 , 
--4,5390 

l I+I ,15157 
--1,484698 

--2,084698 

+0,00004 ] 
--22,558 

+1,8309 
--ll, 1990 

--22,351291 

such  that  the funct ions u,  continuous in each  of  the s egmen t s  ih~, (i + 1)h~ a re  l i n e a r  combina t ions  of the 
ma in  t e r m s  a s y m p t o t i c a l l y ,  i .e . ,  a r e  combina t ions  of the type mo + m i x  2/3. As a r e s u l t  we obtain:  

(9) 
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Ni!<~<U = a i + ~ i - 1  No =ao ,  NU__ = ~7___1, �9 - -  

u U h~ U 

(3 = 1), 

w h e r e  
(i + 1) 2/3 --~- [(i -3- 1) 5/3 --i5/3] 

(Ii = h s  ' (i  ~ -  1) 2/3 - - i  2/3 ' 

a~ = ~i h s  for i = 5, 6, 
. . . . .  hr 1. 

(9a) 

To  c a l c u l a t e  the  m e a n  f lux  we m u s t  u s e  the  q u a n t i t y  0u(f)/o~-li ,0,  s i n c e  i t  i s  f in i t e  and  is  o b t a i n e d  by n u m e r i -  
ca l  s o l u t i o n  as  

Ou(f) i 1 1 ~ u(r) --u(P) "q) , (s) 
- -  ~ t eO ,  0 �9 u,O,O O~ IL.o h~- 2 ,,o ,.-ij, (10a) 

T h e n  

S OT(s) dx = l__ ~ OTq) ~-~/3d~ 
0~ V=o Ks J 0~ r 

a n d  the i n t e g r a l  s u m  i s  

g/h U 
I Z M  OU(S)_kL" , 

Ks O~ .o 
i=0 

(10) 

w h e r e  the s a m e  a s y m p t o t e  w i th  w e i g h t  x -1/3 i s  v a l i d  f o r  0u(f) /0~ -. T h i s  c a s e  i s  d i s t i n c t  f r o m  c o m p u t a t i o n  
of the  m e a n  v a l u e  of t e m p e r a t u r e  o n l y  a s  r e g a r d s  the  w e i g h t .  The  f o r m u l a s  a r e  a n a l o g o u s  fo r  

w h e r e  

Mo =yo ,  Md/hF=67aT-- '  ' Mil~ = y i +  6t_a, (10b) 

3 2/3 Y, = &i = -~-h~-  [(i -i- 1) 2/a - - i  2/3 ] for i = 0, 1 . . . . .  4, 

h2/3 h2/~ 
__ s 6i__ s for i = 5, 6, - -  - -  1. 

7~ 2i 1/3 ' 2 (i -~- 1) l/a . . . .  h~- 

T 
The  r e s u l t s  of  c o m p u t e r  c a l c u l a t i o n s  for  d i f f e r e n t  v a l u e s  of K l ,  K 2, fl a r e  s h o w n  in  T a b l e  1.  

C a l c u l a t i o n  of the  r a t i o  b e t w e e n  the a v e r a g e s  w a s  p e r f o r m e d  in  s o m e  c a s e s  a s  an  i n d i r e c t  c h e c k  of 
the  a c c u r a c y .  

In  a v e r a g i n g  a l l  the  q u a n t i t i e s  w i th  r e s p e c t  to x ,  fo r  the m e a n  v a l u e s  of t e m p e r a t u r e  i n s i d e  the  body  
we h a v e  the  e q u a t i o n  

OST (s) - R =o,  o < y < - : -  a~ 2 a 

w i t h  the c o n d i t i o n  

OT(S) y= y 
O V - n = 1  

and  the  v a l u e  c a l c u l a t e d  on  the  c o m p u t e r  
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As the resul t  of solution we have 

br(S)Oy ~=0: - -  T(av(') ]/---=--- ~ th (i/~__-~-) + ch (V l_~__~ ) , ~ < 0  

(11) 
1 

which is compared with the value Pav calculated on the computer .  

During the calculation values of local boundary tempera tures  were put out by the computer:  they were 
mainly such that the asymptotic behavior  for x ~ 0 was descr ibed quite accura te ly  by the asymptote de t e r -  
mined in [2], which also showed that the scheme is applicable for actual computations.  

The resul ts  showed that convergence is real ized for  all values of the pa r ame te r s  for which the opera -  
tor  L~ has a nonnegative symmet r i ca l  par t .  Here the rate of convergence is not appreciably less  than the 
rate of approach to steady conditions of the corresponding nonsteady problemwith equivalence of ~" ~ Z ~-l,k, 
since the elements ~-. �9 were mainly of order  unity. To obtain a solution of the problem for values of the 1 ,j 
pa rame te r s  other than in this region, even whenthe solution exists and also for values close to cr i t ica l ,  
when convergence is severely  decelerated,  we can recommend a combination of the above scheme with 
moment  methods,  which make it possible to eliminate the main e r r o r  components which increase  or  very  
slowly decrease  when using the i teration scheme of Eq. (5). 

One question ar is ing in describing nonsteadyphenomena in problems s imi la r  to that examined is the 
question of the possible use of average values.  The equation inside the body in the problem considered a s -  
sumed the average to be 

rc~ (x, y)--~ ~-- 7"c~ (x, y) dx = 7"~ (~), 
0 2- 

1 f' OT( ~ (% Y-).ax= or(~) (~) 
d Oy c3y 

0 

and the nonsteady equation has the fo rm 

OT(s) 02T(S) 

0V - -  + Q ( y ,  t). 

Regarding the boundary conditions at the solid - l iquid  boundary, here  the average does not give an exact 
correspondence only between the average values.  The average flux invoIves also other  charac te r i s t i c s  of 
the distribution of surface tempera ture ,  due to the presence  of a t e rm with a f i r s t  derivative with respec t  
to K in the hea t - t r ans fe r  equation in the liquid. For  y = R/d  we shall assume an exact derivation of the 
average values.  

It is interesting to consider  the question of approximating to the boundary condition for the solid with 
y = 0. By assigning a suitable initial tempera ture  distribution at t-= 0, we can obtain very  a rb i t r a ry  hea t -  
t r ans fe r  relat ions between the average quantities and, without isolating any c lass  of p r o c e s s e s ,  cannot deal 
with average quantities without resor t ing  to solution of the complete equations. 

As the class of required solutions we shall choose those which are  sufficiently smooth in t ime, when 
we can consider  that, as functions of t ime,  all the quantities considered are approximated by finite l inear 
combinations of exponential and polynomial  functions. Here we t ry  to investigate the application of the 
technique of [9], and shall study singulari t ies  of approximation to the boundary relat ion by means of dif-  
ferential  relat ions of the type Pi(O/~-{)T -P2(D/3~)p with equal degrees  of polynomials  Pi and P2, or  when 
the degree of P1 is one l a rge r  than necessa ry  to have a start ing point for fur ther  investigation. 

We shall f i rs t  consider  cer tain pecul iar i t ies  of the qualitative behavior of the exact boundary r e l a -  
tion. The question a r i ses  of the uniqueness of describing the p rocess  with fixed fl, i .e. ,  of the dependence 
o f  the effective hea t - t r ans fe r  coefficient on R/d ,_~JR/d,  q(x) [2]. This relat ion exis ts ,  but, when R/d  --~ oo 
and fq(x)dx ~ 0 it ceases  to be single-valued for fl < 0. But if fl > 0, then the deviation of q(x) f rom constancy 
can have an appreciabl 9 influence, since,  for sufficiently large fl, solving the problem inside the body, c o m -  
ponents of the solution of type c o s k ~ ,  osci l la tory with respect  to x, are not damped, and for /q(x)dx = 0 
they are  very  appreciable.  The question of the accuracy  of est imating these must  be examined special ly.  
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We s h a l l  d i s c u s s  the c a s e  of K~fl - - - ~ .  I t  is  not  d i f f i cu l t  to check  tha t  

K~ 

The e f fec t  of K 2 o n  ~(fl) i s  qu i te  ev iden t  and c o n s i s t s  of  a r e d u c t i o n  of  a wi th  i n c r e a s e  of K 2. 

The c a s e  of l a r g e  nega t ive  v a l u e s  of K~flwas  u s e d  as  a b a s i c  a p p r o x i m a t i o n  in [1], w h e r e  a t t en t ion  
w a s  focused  on the q u a l i t a t i v e  p i c t u r e  of the  p r o c e s s  and on c o n v e c t i v e  t r a n s f e r .  Th i s  l i m i t i n g  c a s e  i s  
t y p i c a l  in tha t  the a p p r o x i m a t i o n  by d i f f e r e n t i a l  r e l a t i o n s  g i v e s  the s a m e  b e h a v i o r  a s  the a p p r o x i m a t i n g  
r a t i o n a l  func t ions  wi th  r e s p e c t  to fi, a s  is  ob ta ined  when the convec t ive  componen t  is  i g n o r e d .  Even  fo r  
m e a n  v a l u e s  of K~ an  i n c r e a s e  of a and  o f - f l  i s  o b s e r v e d ,  but ,  fo r  v e r y  s m a l l  K~, c~ d e c r e a s e s  w i t h - / 3 ,  due 
to the fac t  tha t  the s t e a d y  equa t i ons  a r e  in fact  c o n s i d e r e d  in the l iquid_ so that  ~ i n c r e a s e s  in t r a n s i t i o n  to 
b o u n d a r y  v a l u e s  of t e m p e r a t u r e  which  i n c r e a s e  f a s t e r  wi th  r e s p e c t  to x ,  and an i n c r e a s e  in - f i  l e a d s  to t h e i r  
b e c o m i n g  e q u a l .  

To make  a c o m p l e t e  i n v e s t i g a t i o n  of the s p e e t r a i  p r o p e r t i e s  of the b o u n d a r y  r e l a t i o n  we m u s t  know 
the_dependence  of oz(fl) a l s o  fo r  i m a g i n a r y  fi, but we conf ine  o u r s e l v e s  only to r a t i o n a l  a p p r o x i m a t i o n s  to 

(fl), c o n s t r u c t e d  us ing  c a l c u l a t e d  v a l u e s  fo r  c e r t a i n  r e a l  ft. 

F o r  the a p p r o x i m a t i o n  

1 _ P~ (~) ~'~ di~i Az 
,~(~_) p~(~) - ~ _, =Ao+ ~ ( l a )  

Tab le  2 shows  v a l u e s  of the c o e f f i c i e n t s  of  p o l y n o m i a l s  P1 and P2, t h e i r  z e r o s  and r e s i d u e s  when 1/o~(fl) is  r e p r e -  
s e n t e d  a s  the s u m  of s i m p l e  f r a c t i o n s .  Al though  t h e s e  c o n s t r u c t i o n s  r e q u i r e  high a c c u r a c y  in the o r i g i n a l  
d a t a ,  and the a c c u r a c y  i s  i n su f f i c i en t  for  h~ ~ 0 . l d ,  n e v e r t h e l e s s ,  to e x p l a i n  the b e h a v i o r  of the a p p r o x i m a -  
t i o n s ,  we u s e d  the r e s u l t s  of  the  c a l c u l a t i o n s ,  s i n c e  they  c o r r e s p o n d ,  in f ac t ,  to a s i m i l a r  l a t t i c e  p r o b l e m ,  
i . e . ,  to a m o d e l  for  which  a m e s h  s c h e m e  is  an  a c c u r a t e  d e s c r i p t i o n .  The  p r o b l e m  e n t e r s  a s  a d e g e n e r a t e  
c a s e  into the c l a s s  of e l l i p t i c a l  and  p a r a b o l i c  m i x e d - c o m p o s i t i o n  p r o b l e m s  c o n s i d e r e d ,  fo r  which  a p p r o x i -  
m a t i o n s  o f  a c t u a l  q u a n t i t i e s  a r e  c o n s t r u c t e d  us ing  d i f f e r e n t i a l  r e l a t i o n s .  

In the g r a p h  of {fl-} (Table  2) we ind i ca t e  the s e t  fi fo r  which  v a l u e s  of oz f r o m  Tab le  i c o i n c i d e  with  
t hose  c a l c u l a t e d  by the a p p r o x i m a t e  f o r m u l a .  Whi l e  the  a p p r o x i m a t i o n  of 1/~(fi) is  c o n s t r u c t e d  f r o m  (2n + 1) 
p o i n t s ,  the  d e g r e e s  of the  p o l y n o m i a l s  P1 and 1~ 2 a r e  the s a m e ,  equa l  to n; in  the c a s e  of  2n p o i n t s  the d e g r e e  
of  P1 i s  n and tha t  of P2 i s  in  - 1) .  

It  i s  i m p o r t a n t  to note  in T a b l e  2 tha t ,  in c o n t r a s t  wi th  the c a s e s  g i v e n  in [9], the r e s i d u e s  can  have 
d i f f e r e n t  s i g n s ,  and that  the z e r o s  of the  n u m e r a t o r  and  d e n o m i n a t o r  need  not a l t e r n a t e .  In t h e s e  c a s e s  
K~ = 1, K 2 = 1, n = 2 and K~ = 0.5, K 2 = 5, n = 2 d e g e n e r a c y  i s ,  in f ac t ,  o b s e r v e d ,  s i n c e  the s m a l l  r e s i d u e s  
A 1 = - 0 . 0 0 5 7  and 0.00004 can  be r e p l a c e d  by z e r o s  in the l i m i t s  of a c c u r a c y  of so lu t i on  of the p r o b l e m  (even 
in the  m e s h ) .  In the c a s e  K~ = 5, K 2 = 5, n = 2 we o b s e r v e  the p h e n o m e n o n  of t r a n s i t i o n  of  two c l o s e  r o o t s  
of  the d e n o m i n a t o r  and of one r o o t  of the n u m e r a t o r  a d j a c e n t  to t h e m  in the e x p a n s i o n  

1 E di~' 

i n t o  one r o o t  of  the d e n o m i n a t o r  upon i n t e r p o l a t i o n  wi th  r e s p e c t  to 5 and 4 p o i n t s ,  r e s p e c t i v e l y ,  in t e r m s  
of ft. In t h e s e  v a r i a n t s ,  w h e r e  ~ (fl) v a r i e s  only s l i g h t l y ,  r a t i o n a l  a p p r o x i m a t i o n s  do not g ive  w e l l - p o s e d  
p r o b l e m s ,  and  in  add i t i on ,  s y s t e m s  fo r  c o e f f i c i e n t s  of  the  p o l y n o m i a l s  Pl(fl-) a n d  P2(~) b e c o m e  so  bad ly  c o n -  
d i t i o n e d  that  they  do not a l low us to d e t e r m i n e  even  a s m o o t h  r o o t  of Pl(fl) .  

A s  f a r  a s  p h y s i c a l  use  of the z e r o s  and p o l e s  of 1/~(f l )  is  c o n c e r n e d ,  only  the f i r s t  po le  and r e s i d u e  
d e s c r i b e  the  a c t u a l  p r o c e s s  wi th  su f f i c i en t  a c c u r a c y  (such a s  the r a t e  of coo l ing  of a s u r f a c e ,  when a l iqu id  
canno t  g ive  up the hea t  o b t a i n e d  in the  p r e v i o u s  t i m e  i n t e r v a l ,  and ,  in f ac t ,  no hea t  t r a n s f e r  is  ob ta ined) .  
The  r e m a i n i n g  p o l e s  and r e s i d u e s  h e r e ,  b e s i d e s  the fac t  tha t  they  a r e  not  s u f f i c i e n t l y  a c c u r a t e  to d e s c r i b e  
the r e a l  p r o c e s s  in the d e g r e e  of  a p p r o x i m a t i o n  c o n s i d e r e d ,  r e f e r  to c a s e s  wi th  v a r i a b l e - s i g n  b o u n d a r y  
t e m p e r a t u r e s  and m u s t  depend  s t r o n g l y  on d e t a i l s  of the b e h a v i o r  of the equa t i ons  in s ide  the s o l i d .  
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u(S) u(f) 
: T f) : o ;  

t = o  t = o  

Tav ' Pav ' r 

_Pc 
t = a s t / d  2 ~2) 

ci  ' di ' ~!t), 
A0, Ai 

NOTATION 

are the corrections to temperatures in the body and in the liquid, respectively; 

(uj)~-2 = (u i - i , j  - 2ui,j + ui + l,j )/h2; (ui)~-2 = (ui ,j - i  - 2ui,j + ui,j § i )/h2; (ui)2~ = (ui,j + i 

- ui,j -l)/2h~- ; (ui)2~ = (ui,j + i - ui,j - l ) /2hs ; 

are the values of the mean temperature, dimensionless flux, and heat-transfer coefficient 
at the solid-liquid boundary, as obtained from the computer; 
is the value of the control stream; 
is the dimensionless time; 
are the values of the coefficients and roots of the polynomials PI and P2, respectively; 
are the integral part and the residues in representing 1/o~ (fl) in the form of simple frac- 
tions. 
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